Abstract-One of the basic tenets in information theory, the data processing inequality states that the output divergence does not exceed the input divergence for any channel. For channels without input constraints, various estimates on the amount of such contraction are known, Dobrushin's coefficient for the total variation being perhaps the most well-known. This paper investigates channels with an average input cost constraint. It is found that, while the contraction coefficient typically equals one (no contraction), the information nevertheless dissipates. A certain nonlinear function, the Dobrushin curve of the channel, is proposed to quantify the amount of dissipation. Tools for evaluating the Dobrushin curve of additive-noise channels are developed based on coupling arguments. Some basic applications in stochastic control, uniqueness of Gibbs measures, and fundamental limits of noisy circuits are discussed. As an application, it is shown that, in the chain of n power-constrained relays and Gaussian channels, the end-to-end mutual information and maximal squared correlation decay as (log log n/log n), which is in stark contrast with the exponential decay in chains of discrete channels. Similarly, the behavior of noisy circuits (composed of gates with bounded fan-in) and broadcasting of information on trees (of bounded degree) does not experience threshold behavior in the signal-to-noise ratio (SNR). Namely, unlike the case of discrete channels, the probability of bit error stays bounded away from 1/2 regardless of the SNR.
I. INTRODUCTION

C ONSIDER the following Markov chain
where the random variable W is the original message (which is to be estimated on the basis of Y n only), each P Y j |X j is a standard vector-Gaussian channel of dimension d: and each input X j satisfies a power constraint:
The goal is to design the transition kernels P X j +1 |Y j , which we refer to as processors or encoders, to facilitate the estimation of W at the end of the chain. See Fig. 1 for an illustration. Intuitively, at each stage some information about the original message W is lost due to the external noise. Furthermore, each processor cannot de-noise completely due to the finite power constraint. Therefore it is reasonable to expect that for very large n we should have
that is, W and Y n become almost independent. We quantify this intuition in terms of the total variation, Kullback-Leibler (KL) divergence and correlation, namely
ρ(A, B) E[ AB] − E[ A]E[B]
√ Var[ A]Var[B] ,(6)
I (A; B) D(P A,B P A P B ).
Our main result is the following theorem, which shows that the information about the original message is eventually lost in both an information-theoretic and an estimation-theoretic sense.
Theorem 1: Let W, X j , Y j form a Markov chain as in (1) -(3). Then
sup
where C, C > 0 are universal constants. Moreover, the righthand side of (10) is O( When W is scalar Gaussian, all estimates of the convergence rates in Theorem 1 are sharp, in the sense that there exists a sequence of power-constrained relay functions such that TV(P W Y n , P W P Y n )) = ( 1 log n ), I (W ; Y n ) = ( log log n log n ) and sup g∈L 2 ( P Yn ) ρ(W, g(Y n )) = ( log log n log n ). Our interest in the problem has been mainly motivated by the fact that the moment constraint (3) renders the standard tools for estimating convergence rates of information measures inapplicable. Thus a few new ideas are developed in this paper. In order to explain this subtlety, it is perhaps easiest to contrast Theorem 1 and especially (9) with the recent results of Subramanian [1] and Subramanian et al. [2] on cascades of AWGN channels. Other applications of our techniques are deferred till Section V.
In [1] and [2] an upper estimate on I (W ; Y n ) is derived under extra constraints on relay functions. Among these constraints, the most important one is that the average constraint (3) is replaced with a seemingly similar one:
It turns out, however, that for the analysis of (11) the standard tools (in particular the Dobrushin contraction coefficient) not only recover all the results of [1] and [2] but in fact simplify and strengthen them. Thus, we start with describing those classical methods in the next section, and describe how to analyze (11) in Section I-B to follow.
Added in Print:
A completely different method (without recoursing to the total variation) for showing (9) has been developed in [3] and [4] based on strong data processing inequalities for mutual information in Gaussian noise.
A. Contraction Properties of Markov Kernels
Fix a transition probability kernel (channel) P Y |X : X → Y acting between two measurable spaces. We denote by P Y |X • P the distribution on Y induced by the push-forward of the distribution P, which is the distribution of the output Y when the input X is distributed according to P, and by P × P Y |X the joint distribution P XY if P X = P. We also denote by P Z |Y • P Y |X the serial composition of channels. Let f : R + → R be a convex function with f (1) = 0 and let D f (P||Q)
] denote the corresponding f -divergence, see [5] . For example taking f (x) = (x − 1) 2 we obtain the χ 2 -divergence:
For any Q that is not a point mass, define:
For f (x) = |x − 1|, f (x) = (x − 1) 2 and f (x) = x log x we will write η TV (Q), η χ 2 (Q) and η KL (Q), respectively. In particular, η TV is known as the Dobrushin's coefficient of the kernel P Y |X , which is one of the main tools for studying ergodicity property of Markov chains as well as Gibbs measures.
a) General alphabets: Dobrushin [6] showed that supremum in the definition of η TV can be restricted to singlepoint distributions P and Q, thus providing a simple criterion for strong ergodicity of Markov processes. It is well-known, e.g. Sarmanov [7] , that η χ 2 (Q) is the squared maximal correlation coefficient of the joint distribution P XY = Q × P Y |X :
Later [8, Proposition II.4.10] (see also [9, Th. 4.1] for finite alphabets) demonstrated that all other contraction coefficients are upper-bounded by the Dobrushin's coefficient η TV :
and this inequality is typically strict. 1 In the opposite direction it can be shown, see [8, Proposition II.6.15] ,
whenever f is thrice differentiable with f (1) > 0. Moreover, (17) holds with equality for all nonlinear and operator convex f , e.g., for KL divergence and for squared Hellinger distance; see [10, 
which was first obtained in [11] using different methods.
Rather naturally, we also have [8, Proposition II.4.12] :
for any non-linear f . The fixed-input contraction coefficient η KL (Q) is closely related to the (modified) log-Sobolev inequalities. Indeed, when Q is invariant under P Y |X (i.e. P Y |X • Q = Q) any initial distribution P converges to Q exponentially fast in terms of D(P n Y |X • P||Q) with exponent upper-bounded by η KL (Q), which in turn can be estimated from log-Sobolev inequalities, see [12] . When Q is not invariant, it was shown [13] that
holds for some universal constant C, where α(Q) is a modified log-Sobolev (also known as 1-log-Sobolev) constant:
where P X X = Q × (P X |Y • P Y |X ). b) Finite alphabets: Ahlswede and Gács [11] have shown
As a criterion for η f (Q) < 1, this is an improvement of (16) only for channels with η TV = 1. Furthermore, [11] shows
1 E.g. for the binary symmetric channel with crossover probability δ we
with inequality frequently being strict. 2 We note that the main result of [11] 
For connections between η KL and log-Sobolev inequalities on finite alphabets see [16] .
B. Exponential Decay of Information When η T V < 1
First, it can be shown that (See Appendix B for a proof in the general case. The finite alphabet case has been shown in [14] )
where the supremum is taken over all Markov chains U → X → Y with fixed P XY such that 0 < I (U ; X) < ∞. Thus, for an arbitrary Markov chain
with equal channels P Y j |X j = P Y |X for all j , we have
A similar argument leads to
Thus, in the simple case when η TV < 1 we have from (16) that when n → ∞, all three information quantities converge to zero exponentially as fast as η n TV . Let us now consider the case of [1] and [2] , namely the AWGN channel P Y |X with maximal power constraint (11) . First recall that (27) where
e −t 2 /2 dt is the Gaussian complimentary CDF and | · | denotes the Euclidean norm. Then by Dobrushin's characterization of η TV we get that for any P X j satisfying (11) we have
From (24) this implies
2 See [11, Th. 9] and [14] for examples.
It turns out (28) is stronger than the main result of [2] and independent of the cardinality of W . Indeed, although [2] did not point this out, the analysis there corresponds to the following upper-bound on η TV
(here we assumed finite alphabet Y for simplicity). This bound is clearly tight for the case of |X | = 2 but rather loose for larger |X |. Since we calculated η TV exactly, (28) must yield a better bound than that of [2] . However, the estimate (28) relies on the Dobrushin coefficient, which, as will be shown below, breaks down if the power constraints is imposed on average instead of almost surely. To remedy this problem requires developing new tools to complement the Dobrushin coefficient. For the generalization to average power constraint as well as discussions for multi-hop communication, see Proposition 13 and Remark 9 in Section IV-C. The main part of this paper handles convergence of I (W ; Y n ) → 0 in the case (3), for which unfortunately η TV = η KL = η χ 2 = 1. Indeed, by taking
and performing a straightforward calculation, we find
Therefore, even if one restricts the supremum in (14) to P and Q satisfying the moment constraint (3) (in fact, any constraint on the tails for that matter), choosing a → ∞ and t → 0 accordingly drives the ratio in (32) to one, thus proving η TV = 1. This example is instructive: The ratio (32) approaches 1 only when the TV(P, Q) → 0. Our idea is to get non-multiplicative contraction inequalities that still guarantee strict decrease of total variation after convolution. Similarly, there is no moment condition which can guarantee the strict contraction of the KL divergence or mutual information. For example, it can be shown that sup
where the supremum is over all Markov chains U → X → X + Z with E[|X| 2 ] ≤ 1. This suggests that the exponential decay of mutual information in (24) obtained under peak power constraint might fail. Indeed, we will show that under average power constraint, the decay speed of mutual information can be much slower than exponential (see Section IV-E).
C. Organization
The rest of the paper is organized as follows. Section II proves results on reduction of total variation over additivenoise channels; we call the resulting relation the Dobrushin curve of a channel. Section III shows how to convert knowledge about total variation to other f -divergences, extending (16) . Section IV shows how to use Dobrushin curve to prove Theorem 1. Finally, Section V concludes with applications (other than Theorem 1).
In particular, in Section V-A we show that the optimal correlation achieved by non-linear control in the n-stage Gaussian quadratic control problem studied by Lipsa and Martins [17] is ( log log n log n ); in contrast, the best linear controller only achieves exponentially small correlation. The inferiority of linear control can be explained from the viewpoint of dissipation of information and contraction of KL divergence. In Section V-B we extend Dobrushin's strategy for proving uniqueness of Gibbs measures to unbounded systems with moment constraints on marginal distributions. And in Section V-C we apply our technique to proving a lower bound on the probability of error in circuits of noisy gates.
Finally, in Section V-D we show that in the question of broadcasting a single bit on a tree of Gaussian channels there is no phase transition. Namely, for arbitrarily low SNR it is possible to build relays satisfying the average power constraint so that given the received values on all leaves at depth d the probability of error of estimating the original bit is bounded away from 1/2. This is in contrast to the case of trees of binary symmetric channels, studied by Evans et al. [18] , who showed that there there is a phase transition in terms of the strength of the channel noise.
II. DOBRUSHIN CURVE OF ADDITIVE-NOISE CHANNELS
A. Definitions and Examples
Let P Y |X : X → Y be a probability transition kernel. Then, we define the Dobrushin curve of P Y |X as follows:
where G is some (convex) set of pairs of probability measures. The curve t → F TV (t) defines the upper boundary of the region
which is the joint range of the input and output total variations. We notice the following "data-processing" property of Dobrushin curves: if F TV1 and F TV2 are the Dobrushin curves of channels P Y 1 |X 1 and P Y 2 |X 2 (and the respective feasible sets G 1 and G 2 ), then for any P X 2 |Y 1 that connects them:
we naturally have for the combined channel
. This observation will be central for the analysis of the Markov chain (1) . We proceed to computing F TV .
For simplicity, in the sequel we focus our presentation on the following:
2) There is a norm | · | on R d .
3) The constraint set G is defined by some average cost constraint:
where M : R + → R + is a strictly increasing convex cost function 3 with M(0) = 0 and a ≥ 0. 4) The random transformation P Y |X acts by convolution (on R d ) with noise P Z :
Remark 1: For any point (TV(P, Q), TV(P * P Z , Q * P Z )) in the region F TV and λ ∈ [0, 1], we can achieve the point
is non-increasing. However, this does not imply that F TV is convex or that F TV is concave. Shortly, we will demonstrate that for many noise distribution P Z the Dobrushin curve F TV is in fact concave.
Expanding on the previous remark, we can further show relations between F TV computed for different cost values of a in (35) .
Proposition 2: Let F TV (t, a) be the Dobrushin curve for some channel P Y |X and constraint (35) , where M(0) = 0. Then for all α ≥ 0 such that αt ≤ 1 we have
In particular, 
Proof: Without loss of generality, we may assume α ≤ 1 (otherwise, apply to t = αt and α = 1/α). For all s ∈ [0, 1] we have two inequalities
To show the first start with arbitrary (P, Q) ∈ G a such that TV(P, Q) = t and TV(P Y |X • P, P Y |X • Q) = f . Then we can construct distributions
and thus (37) follows after optimizing over (P, Q). The second inequality follows by considering 4
and a similar argument. Finally, (36) follows from (37) (with s = α) and (38) (with s = t/α).
B. Criterion for F T V (t) < t
Similar to how Dobrushin's results [6] reduce the computation of η TV to considering the two-point quantity TV(P Y |X =x , P Y |X =x ), our main tool will be the following function θ :
Some simple properties of θ (general case) are as follows:
• If P Z is compactly supported then θ(x) = 1 when |x| is sufficiently large.
• θ is lower-semicontinuous (since total variation is weakly lower-semicontinuous).
and θ is continuous on R, which follows from the denseness of compactly-supported continuous functions in θ(x) = μ s (R).
• If P Z has a non-increasing density supported on R + , then θ(x) is a concave, non-decreasing function on R + given by
• If P Z has a symmetric density which is non-increasing on R + , then θ(x) is a concave, non-decreasing function on R + given by
• In general, θ need not be monotonic on R + (e.g. P Z is discrete or has a multimodal density such as a Gaussian mixture). The following result gives a necessary and sufficient condition for the total variation to strictly contract on an additive-noise channel, which essentially means that the noise distribution is almost mutually singular to a translate of itself. Intuitively, it means that if the noise is too weak (e.g., when the noise has a compact support or has a singular distribution), then one can send one bit error-free if the signal magnitude is sufficiently large. 
where U (a, b) denotes the uniform distribution on (a, b). Proof: The equivalence of 2) and 3) follows from Remark 1.
Before proceeding further, we notice that for any channel P Y |X with Dobrushin coefficient η TV and any measure ν on X such that dν = 0 we have
where here and below the total variation distance defined in (4) naturally extended to non-probability measures as follows:
Next, by representing ν = ν + − ν − and playing with scaling ν + or ν − we get the result of [9, Lemma 3.2]:
Now we prove 3) ⇒ 1). Fix arbitrary (P, Q) ∈ G a and choose large A > 0. Let P 1 , Q 1 be restrictions of P and Q to the closed ball B {x : |x| ≤ A} and P 2 = P − P 1 , Q 2 = Q − Q 1 . By [9, Lemma 3.2] we have then:
.
Putting it all together and using triangle inequality, we have
where the equality step follows from the crucial fact that
, due to the disjointedness of supports. By the arbitrariness of (P, Q), we have shown that for every A > 0 and t,
. 
C. Bounds on F T V via Coupling
Note that for the upper bound (42) to be nontrivial, i.e., better than F TV (t) ≤ t, for all t > 0, it is necessary and sufficient to have θ c (|x|) < 1 for all x. This is consistent with Theorem 3.
Proof:
is convex (as is any Wasserstein distance), thus for any coupling P AB with P A = P and P B = Q we have
Furthermore, θ c is necessarily continuous on (0, ∞), strictly increasing on {x : θ c (x) < 1} and concave. Thus,
where (46) is by Jensen's inequality and the concavity of θ c . Then
where (47) and (50) are by Jensen's inequality and the convexity of M, (48) is by M(0) = 0, (49) is by the monotonicity of M, and (51) is by the constraint (P, Q) ∈ G a . Applying M −1 to both sides of (51) and plugging into (46), we obtain
. (52) Note that both M −1 and θ c are increasing concave functions. Thus their composition θ c • 2M −1 is concave and increasing too. Furthermore it is easy to show that
is increasing. Hence the upper bound (52) is tightest for the coupling minimizing P[ A = B]. Recall that by Strassen's characterization [20] we have
where the infimum is over all couplings P AB of P and Q such that P A = P and P B = Q. Then (43) and (52) and the continuity of θ c imply the upper bound in (42) . For the lower bound, we choose
It is straightforward to show that TV(P, Q) = t and
Taking the supremum over x yields the left inequality of (42).
(57) Remark 4: Examples of the noise distributions satisfying assumptions of Corollary 5 are given by (40) and (41) . Note that from concavity of θ the map
is also concave. Therefore, the map
is the perspective of the concave function (58), and hence is concave on R 2 + [21, p. 161]. Consequently, for fixed a > 0, F TV is concave, which, as we mentioned, does not immediately follow from the definition of F TV .
For the purpose of showing Theorem 1 we next point out the particularization of Corollary 5 to the AWGN channel. A representative plot of the F TV for the AWGN channel and average power constraint (second-order moment) is given in Fig. 2 , which turns out to be dimension-independent.
Corollary 6 (Vector Gaussian):
regardless of dimension and thus Theorem 4 yields (59).
D. By-Product: CLT in Smoothed Total Variation
Recall the following 1-Wasserstein distance between distributions with finite first moment:
Then the same coupling method in the proof of Theorem 4 yields the following bound, which relates the total variation between convolutions to the W 1 distance.
Proposition 7: If P Z has a symmetric density which is non-increasing on R + . Then for any P and Q,
] is concave and non-decreasing in x. Applying Jensen's inequality to (43) and optimizing over the coupling yields (61).
Remark 5: It is worth mentioning that for Gaussian smoothing, using similar coupling and convexity arguments, the following counterpart of (61) for KL divergence has been proved in [22] , which provides a simple proof of Otto-Villani's HWI inequality [23] in the Gaussian case:
, where the W 2 distance is analogously defined as (60) with L 2 -norm replacing L 1 -norm.
In particular, if P Z has a bounded density near zero, then the right-hand side of (61) is O(W 1 (P, Q)). As an application, we consider a central limit theorem setting and let
where X j are iid, zero-mean and unit-variance. Choosing P Z = N (0, σ 2 ) and applying Proposition 7 to P S n and N (0, 1), we obtain
where the convergence rate in W 1 can be obtained from Stein's method and the dual representation of
In other words, smoothing the law of S n by convolving with a Gaussian density (or any other bounded density that satisfies the conditions of (41)) results in a distribution that is closer in total variation to the Gaussian distribution. On the other hand, the law of S n might never converge to Gaussian (e.g., for discrete X 1 ). The non-asymptotic estimate (62) should be contrasted with the sharp asymptotics of total variation in CLT due to Sirazhdinov and Mamatov [25] , which states that the left-hand side of (62) is equal to
(1 +o(1)) when n → ∞ and σ is fixed.
III. FROM TOTAL VARIATION TO f -DIVERGENCES
The main apparatus for obtaining the Dobrushin curve of total variation in Theorem 4 is the infimum-representation via couplings, thanks to the special role of the total variation as a Wasserstein distance. Unfortunately such representation is not known for other divergences such as the Hellinger distance or KL divergence. To extend the contraction property of total variation, our strategy is as follows: We first study a special family of f -divergences {E γ (P Q) : γ > 0}, which enjoys the same contraction property as the total variation for any channel. Then using an integral representation of general f -divergences [8] in terms of E γ , we extend the contraction results in Section II-C for additive-noise channels to f -divergences, in particular, Rényi divergences. Plot
A. A Parameterized Family of f -Divergences
For a pair of distributions P, Q, define the following family of f -divergences parameterized by γ ≥ 0:
Typical plots of γ → E γ (P Q) are given in Fig. 3 where P and Q are Gaussians or Bernoullis. Some general properties of E γ are as follows:
, and decreasing on [1, +∞). 4) Reciprocity:
6) F-contraction property: If P , Q are outputs of P, Q under some channel P Y |X with known F TV , then
This follows from the more general result below, which shows that the divergence E γ for general γ enjoys the same (if not better) contraction property as the total variation, i.e., E 1 .
Proposition 8: Assume that for each choice of a > 0 in (35) the corresponding F TV curve is denoted by t → F TV (t, a). Then for any channel P Y |X and any (P, Q) ∈ G a we have
and, in particular, (65) holds.
Proof: First notice that if ν is any signed measure on X satisfying
for some a > 0, then we have 5 5 The push-forward operation is extended to signed non-probability measures in the obvious way:
Indeed, let ν = ν + − ν − be the Jordan decomposition of ν. Then by the assumption (67) we have that ν ± are mutually singular sub-probability measures. Thus by introducing P = ν + + δ 0 , Q = ν − + δ 0 for some constant ≥ 0 chosen so that P and Q are probability measures, we get
since (P, Q) ∈ G a . In turn, (69) is equivalent to (68). Now consider γ < 1 and a pair of probability measures
Since E γ ≤ γ TV(P, Q) ≤ γ , which follows from the convexity of γ → E γ , we have c ≤ γ . Then
Consequently ν satisfies condition (67) with a = γ a. Furthermore, observe that for γ ≤ 1 we have
we have TV(ν, 0) = E γ . Thus from (68) we get
Next from the representation
and the triangle inequality we have
In view of (70), it remains to notice that the last term in (71) equals 1−γ 2 , from which (66) follows via
For γ > 1 the proof is entirely analogous, except that we set
and the best bound we have on M(|x|)d|ν| is 2a, which follows from the fact that E γ ≤ 1 and hence cγ ≤ 1.
B. Integral Representation and Contraction of Rényi Divergences
For an f -divergence, analogous to the Dobrushin curve (33) we define
Note that the usual data processing inequality amounts to F f (t) ≤ t. We say the channel P Y |X contracts the f -divergence D f if F f (t) < t for all t in a neighborhood near zero. We have already shown that the total variation is always contracted by additive noise satisfying the necessary and sufficient condition in Theorem 3. In view of Proposition 8, the formulas in Corollaries 5 and 6 apply to E γ as well. A natural question is in order: Do other divergences, such as the KL divergence, also contract in additive noise?
To this end, we need the following integral representation of f -divergences in terms of the family of divergence
For instance, the area under the curve γ → E γ is half the
dQ − 1. For conciseness, below we focus on the scalar AWGN channel under the first moment constraint and the special case of Rényi divergence of order α, which is a monotonic transformation of the f α -divergence with
x log x α = 1
Note that the special case of α = 1, 2, 1 2 corresponds to the KL divergence D(P Q), the χ 2 -divergence χ 2 (P Q), and half the squared Hellinger distance 2 , respectively. The following result shows that the AWGN channel contracts Rényi divergence of order α if and only if α ∈ (0, 1). Consequently, the Hellinger distance always contracts when passing through the AWGN channel, but χ 2 and KL divergences do not.
Theorem 9: Consider the scalar AWGN channel
2) For α ≥ 1,
which holds for all t > 0 if α > 1 and t <
where (77) follows from Corollary 6 with E γ = E γ (P Q), and (78) follows from (73), and (79) is due to E γ ≤ TV ≤ 1.
Using (64), for all γ ∈ (0, 1), we have
Plugging (80) into (79) and by the arbitrariness of δ > 0, we obtain
which implies the desired (75) upon choosing δ = (D f α (P Q)) (1+ )/α . 2°Turning to the case of α ≥ 1, we construct examples where D f α does not contract. Fix t > 0 and let q > 0 be sufficiently small. Let
Next, by applying the data-processing inequality to the transformation y → 1 {y≥b/2} we get (1) . This follows from the fact that Q(b/2) = o(q), which is obvious for α > 1; for α = 1, since we have assumed that t < a/8,
which completes the proof of (76). 2) For the p th -moment constraint with M(|x|) = |x| p and p > 2, (76) holds for all t, a > 0 if α > 1. For KL divergence (α = 1), however, it remains unclear whether (76) holds in a neighborhood near zero since the above construction no longer applies.
IV. PROOF OF THEOREM 1 Theorem 1 follows from Propositions 11, 13 and 14 given in Sections IV-A, IV-C and IV-D, respectively. The special case of finite-alphabet W is much simpler and is treated by Proposition 12 (Section IV-B) . Finally, Section IV-E shows that our converse bounds are optimal for total variation, mutual information and correlation in the scalar Gaussian case.
A. Convergence in Total Variation
The development in Section II deals with comparing a pair of distributions and studies by how much their total variation shrinks due to smoothing by the additive noise. Therefore these results are applicable to binary sources, i.e., transmitting one bit. What if the sources takes more than two, or rather, a continuum of, values? To this end, the data processing inequality for mutual information is relevant, which states that
In other words, dependency decreases on Markov chains. Our goal next is to find a quantitative data pre-processing and postprocessing inequalities as a counterpart of Theorem 4. Since we know, in view of Theorem 9, that KL divergence does not contract, it is natural to turn to total variation and define the following T -information:
which has been studied in [26] and [27] . Similar to mutual information, it is easy to see that the T -information satisfies the following properties:
4) If S andŜ are both binary, then 6
5) Pinsker's inequality:
The next theorem gives a quantitative data processing theorem for the T -information with additive noise: 6 To see this, let 
(85) Remark 7: Exactly the same inequality holds for the following functional of real-valued random variables T (A; B) inf
which is a natural extension of the K -information of Sibson [28] and Csiszár [29] 
Then Theorem 4 yields
where c(w)
In view of Remark 4, the function f defined in (85) is jointly concave and non-decreasing in each argument. Thus taking expectation over w ∼ P W on the right-hand side of (86) and applying Jensen's inequality, we complete the proof.
As an application of Theorem 10, next we describe how the T -information decays on the Markov chain (1). 
where f (s)
where g(s)
and C is a positive constant only depending on the cost function M.
Remark 8 (Gaussian Noise): Particularizing the result of Proposition 11 to the AWGN channel and the following cost functions we obtain the corresponding convergence rates a) p th -moment constraint:
). Intuitively, the faster the cost function grows, the closer we are to amplitude-constrained scenarios, where we know that information contracts linearly thanks to the Dobrushin's coefficient being strictly less than one. Hence we expect the convergence rate to be faster and closer to, but always strictly slower than, exponential decay. In view of (82), Proposition 11 implies that transmitting one bit is impossible under any cost constraint, since the optimal Type-I+II error probability is given by 1 2 − TV(P Y n |W =0 , P Y n |W =1 ) (see [31, Th. 13.1.1]) and the total-variation vanishes as n → ∞.
The slow convergence rates obtained above for Gaussian noise can be explained as follows: In view of (89), the T -information obeys the iteration T (W ; Y n ) ≤ F TV (T (W ; Y n−1 )). For instance, consider the Dobrushin curve under unit power constraint is given by F TV (t) = t (1 − 2Q(1/ √ t)), which satisfies F TV (0) = 1 and all other derivatives vanish at zero. Therefore F TV is smooth but not real analytic at zero, and the rate of convergence of the iteration x n = F TV (x n−1 ) to the fixed point zero is very slow. See Fig. 2 for an illustration.
Proof: By Theorem 10, we have
where the first inequality follows from Theorem 10, and the second inequality follows from the data processing theorem for T and the monotonicity of F TV . Applying Theorem 4, we have
Repeating the above argument leads to
where the sequence {t n } is defined iteratively via
with h(t) = t (1 − θ c 2M −1 1 t ) and t 1 = 1. By Theorem 4, θ c is strictly increasing. Therefore h is an increasing function. Applying Lemma 20 in Appendix A, the convergence rate of the sequence (90) satisfies
,
For the Gaussian noise, we have θ c (x) = θ(x) = 1 − 2Q(x/2) (see Corollary 5) . In view of the bound
for u > 0, where φ denote the standard normal density, (88) follows from (87) upon changes of variables.
B. Special Case: Finite-Alphabet W
A consequence of the total variation estimates in Theorem 10 and Proposition 11 is that for finitely-valued message W they entail estimates on the mutual information and maximal correlation, as the next proposition shows. 7 Proposition 12: Assume W take values on a finite set W and let p W,min denote the minimal non-zero mass of P W . Then 7 The bound (91) 
|H (P) − H (Q)| ≤ TV(P, Q) log(|W| − 1) + h(TV(P, Q)).
where the last step is due to the concavity of h(·).
The inequality (92) follows [32] 
where first step is by (12) and the rest are self-evident. Combining Propositions 11 and 12, we conclude that both S(W ; Y n ) and I (W ; Y n ) vanish for finitely-valued W . In particular, for Gaussian noise, by Remark 8 (second moment constraint) we have
) and the mutual information vanishes according to
C. Convergence of Mutual Information
In this subsection we focus on the AWGN channel and show that the convergence rate (94) continues to hold for any random variable W , which will be useful for applications in optimal stochastic control where W is Gaussian distributed. 8 To deal with non-discrete W , a natural idea to apply 8 (94) is to directly use the strong data processing inequality for mutual information in Gaussian noise, see [3] , [4] . Namely, it is possible to show the existence of certain non-linear function F I such that F I (t) < t and 
Added in Print: Another method of showing
for some universal constant C. A natural conjecture is the following implication: For any sequence of channels P Y n |X we have:
which would imply the desired conclusion that mutual information vanishes. Somewhat counter-intuitively, this conjecture is generally false, as the following counterexample shows: Consider X ∼ Uniform([0, 1]) and
On one hand it is clear that I (X; Y n ) → ∞. On the other hand, among all m-point quantizers q, it is clear that the optimal one is to quantize to some levels corresponding to the partition that Y n incurs (other quantizers are just equivalent to randomization). Thus
But the RHS tends to zero as n → ∞ for any fixed m because the dominating atom shoots up to 1. The same example also shows that
Nevertheless, under additional constraints on kernels P Y n |W , we can prove that (97) indeed holds and obtain the convergence rate. The main idea is to show that the set of distributions {P Y n |W =w , w ∈ R d } can be grouped into finitely many clusters, so that the diameter (in KL divergence) of each cluster is arbitrarily small. This can indeed be done in our setting since the channel P Y n |W is a stochastically degraded version of an AWGN channel.
where C is the absolute constant in (8) . In particular, for fixed d and E, 
Using Fano's inequality, this implies that in order to reliably communicate over n hops at some positive rate, thereby
, it is necessary to have the blocklength d n grow at least as fast as
This conclusion has been obtained in [1] under the simplified assumption of almost sure power constraint of the codebook (see (11)). Here Proposition 13 extends it to power constraint in expectation.
Proof of Proposition 13:
Fix u, > 0 to be specified later. It is well-known that the 2 -ball in R d of radius u can be covered by at most m = (1 + 2u ) d 2 -balls of radius , whose centers are denoted by x 1 , . . . , x m . Define q :
where in (101) we used the Markov relation q(X 1 ) → X 1 → Y 1 → Y n , and (102) follows from the vector AWGN channel capacity:
where Z ∼ N (0, I d ) is independent of X. Similarly,
where (105) follows from the fact that
Averaging (103) and (105) 
where (106) follows from the fact that x → x ln(1 + 1 x ) is increasing on R + 9 and the Chebyshev's inequality:
Applying Proposition 12, we have
where
log n in view of (8) Combining (105) and (108) yields
Choosing u = √ log n and 2 = d 2 E log n yields the desired (98).
D. Convergence of Correlation Coefficients
Given a pair of random variables X, Y , the conditional expectation of X given Y has the maximal correlation with X among all functions of Y , i.e.
which is a simple consequence of the Cauchy-Schwartz inequality. As the next result shows, vanishing mutual information provides a convenient sufficient condition for establishing vanishing correlation coefficients. 
(113) 9 Indeed, (x ln(1
Proof: For the Gaussian case, (113) follows from the inequality
which is equivalent to the Gaussian rate-distortion formula. To see the implication (112), first notice the equivalence
From here Proposition 14 follows from the next (probably well-known) lemma. 
Proof: (⇒) The rate-distortion function is dominated by that of the Gaussian distribution [33] :
where log + max{log, 0}. n ≤ 2D + 2EX 2 for all n. Therefore the sequence PX n ,X is tight. By Prokhorov's theorem, there exists a subsequence PX n k ,X which converges weakly to some PX ,X . By the lower semicontinuity of the divergence and the secondorder moment, E(X n − X) 2 
Proposition 14 allows us to capitalize on the results on mutual information in Section IV-C to obtain correlation estimates for the Markov chain (1). In particular, combining (112) with Proposition 13 yields (10). Additionally, if W is Gaussian, then (113) yields
These prove the correlation part of the main result Theorem 1. However, the estimate (117) is not entirely satisfactory in the sense that it highly depends on the Gaussianity of W ; if W is not Gaussian, the rate-distortion function of W is not explicitly known and it is unclear whether (113) still applies. How to obtain quantitative estimates on the correlation coefficient if we only have sub-Gaussianity or moment constraints on W ? It turns out that one can circumvent mutual information completely and directly obtain correlation estimate from the T -information, whose convergence rate has been found in Section IV-A. The key connection between total variation and correlation is the following simple observation: 
If W is sub-Gaussian and T (W ; Y ) < e −2/e , we have
Proposition 16 is reminiscent of Tao's inequality [34] , [35] and [36, Th. 10] , which use mutual information to produce correlation estimates for bounded random variables:
In contrast, Proposition 16 uses T -information in lieu of mutual information and allows more general tail condition. Remark 10: Combining Proposition 16 with the convergence rate of the T -information in Proposition 11, we obtain the corresponding convergence rate of correlation under various cost constraints on the relays and tail conditions on the original message W . For example, in view of Remark 8, if the cost function is M(x) = |x| p and W is sub-Gaussian, then
In particular, for average power constraint ( p = 2), the convergence rate (117) applies to all sub-Gaussian W . We will show in the next subsection that (120) is in fact optimal for all p when W is Gaussian.
Proof of Proposition 16:
we may construct a probability space with three variables W, W , Y such that W ⊥ ⊥ Y and furthermore
Then, consider an arbitrary zero-mean g(Y ) and write
where the last step is by Hölder's inequality since For the second part of the proposition, consider arbitrary non-negative, convex ψ : R → R with ψ(0) < 1 and define the following Orlicz norm
If ψ * is the Legendre dual of ψ then from Young's inequality we have for arbitrary X, Y :
and, hence,
and notice an easy identity
Then, proceeding as above we only need to upper-bound
. From inequality (123) and (124) we get
For the first term we apply triangle inequality. The ψ * 1 -norm of the indicator is found as a unique solution of
, from which the proposition follows.
E. Achievable Schemes
For the scalar case we construct a relay scheme under which the T -information, mutual information and the correlation between the initial message W ∼ N (0, 1) and the final output Y n achieve the lower bounds (8) - (10) up to constants. This scheme is also useful for the optimal control problem in Section V-A. For simplicity we only consider the p th moment constraint E|X k | p ≤ a and assume W ∼ N (0, 1) and a = 2 for notational conciseness.
a) Binary-messaging scheme: In view of the converse results in Sections IV-A -IV-D, the majority of the information will be inevitably lost regardless of the relay design. Thus we only aim to transmit a small fraction of the original message, e.g., a highly skewed quantized version, reliably. To this end, let
Let X 1 = μ1 {W ≥a} , which satisfies E|X 1 | p = 1. At each stage, the relay decodes the previous message by X k+1 = μ1 {Y k ≥μ/2} . Note that all X k 's take values in {0, μ}. Then
, applying the union bound and the fact that Q(a) ≤ ϕ(a)/a, we obtain
Moreover, the moment constraint is satisfied since
for all sufficiently large n. b) Total variation and mutual information: We show that
which matches the upper bound in Remark 8 and the upper bound (99) (for p = 2), respectively. Since X 1 and X n+1 are deterministic functions of W and Y n , respectively, we have
where the first inequality follows from data processing, the second inequality follows from (83), and the last inequality is by (126). Similarly,
, where
Using the fact that
where the last inequality follows from the choice of a in (125).
where (131) is by Cauchy-Schwartz, (132) is by (130) and
Therefore W n 2 = Ŵ 2 (1 + o(1)) . Consequently, the correlation satisfies
which meets the upper bound (120).
V. APPLICATIONS
A. Optimal Memoryless Control in Gaussian Noise
The problem of optimal memoryless control in Gaussian noise was investigated in [17] . Consider the n-stage stochastic control problem in Fig. 1 in one dimension (d = 1) where N (0, 1) . The additive noise Z 1 , . . . , Z n are i.i.d. standard Gaussian, and the relay function f j plays the role of a memoryless controller mapping the noisy observation Y i−1 into a control signal X i . Let X n+1 = f n+1 (Y n ) denote the final estimate. Then we have the following Markov chain which has two more stages than (1):
The major difference is that, instead of requiring that each controller satisfies the same power constraint as in (3), here only a total power budget is imposed:
The objective is to maximize the correlation between X 0 and X n+1 .
The main results of [17] show that although linear controllers are optimal for two stages (n = 1) [17, Proposition 7] , for multiple stages they can be strictly sub-optimal. Specifically, subject to the constraint (135), the optimal squared correlation ρ 2 (X 0 , X n+1 ) achieved by linear controllers is [17, Lemma 6] 
which vanishes exponentially as n → ∞. [17, Th. 15] shows that (136) can be improved by using binary quantizers in certain regimes, although the correlation still vanishes exponentially fast albeit with a better exponent. The optimal performance of non-linear controllers is left open in [17] . Capitalizing on the results developed in Section IV, next we show that the squared correlation achieved by the best nonlinear controllers is ( log log n log n ), which is significantly better than the exponentially small correlation (136) achieved by the best linear controllers.
• For any sequence { f j } satisfying the total power constraint (135), the correlation necessarily satisfies
To see this, applying the data processing inequality Theorem 10 and the F TV curve in Corollary 6 with M(|x|) = |x| 2 , we have
Consequently, Proposition 11 applies with n replaced by n/2 and, by Remark 8, we have T (W ; Y n ) ≤ C/ log n for some constant C only depending on E. Since X 0 is Gaussian, applying Proposition 16 yields the upper bound (137).
• Conversely, the binary-quantizer scheme described in Section IV-E (with p = 2) achieves
and the rest follows from (134). The fact that linear control only achieves exponentially decaying correlation can also be understood from the perspective of contraction coefficient of KL divergence. Note that if all controllers are linear, then all input X i 's to the AWGN channel are Gaussian. Recall the distribution-dependent contraction coefficient η KL (Q) defined in (13) . For AWGN channel with noise variance σ 2 and Gaussian input with variance P, Erkip and Cover showed in [37, Th. 7] that η KL (N (μ, P)) = P P+σ 2 , which is strictly less than one. This results in exponentially small mutual information:
where the last step follows from (135) and the concavity and monotonicity of x → log x x+1 . Together with the Gaussian rate-distortion function (114), this implies ρ(W,Ŵ ) must vanish as ( E 1+E ) n which agrees with (136). Therefore from a control-theoretic perspective, it is advantageous to design the controller to steer the output away from Gaussian, which requires, of course, non-linear control.
B. Uniqueness of Gibbs Measures
In this section we rely on the notations and results from the theory of infinite-volume Gibbs measures; in particular we assume familiarity with [38, Ch. 2] . Consider a R-valued Markov random field {X n : n ∈ Z} specified by pairwise potentials j (x j , x j +1 ). We assume that for every k ∈ Z and every L ≥ 1 we have
This specification translates into requiring the conditional probabilities to be of the following form:
and in particular X n form a doubly-infinite Markov chain:
One of the principal questions in Gibbs theory is: Do there exist none, one or many joint distributions satisfying conditional probabilities (138)? Such a joint distribution is called a Gibbs measure consistent with the specification (138). It is believed that the existence of multiple Gibbs measures corresponds to the existence of second-order phase transitions in physics (such as the Curie temperature in ferromagnets).
A typical method for proving non-existence of multiple phases is the application of Dobrushin contraction, see [39] . 
with P Y |X k ,X k+L+1 a two-dimensional Gaussian channel (2) .
Then there may exist at most one joint distribution of X
Remark 11: Assumptions of Theorem 17 guarantee that "strengths" of all links in (139) are uniformly upper-bounded. Thus we can see that on Z the only possibilities for a phase transition are: 1) when the links become asymptotically noiseless, or 2) when the (non shift-invariant) solutions are allowed to grow unbounded. This is in accord with known examples of systems with non-unique Gibbs measures: e.g., the asymptotically noiseless example in [38, Ch. 6] 10 Here W ρ is a Wasserstein distance with respect to the metric ρ, analogously defined as in (60) When r (a, a ) = cρ(a, a ) and c < 1 (Dobrushin contraction), we can progressively refine the coupling at various points between two distributions P and Q and show that they must coincide. This is a brilliant idea of Dobrushin [39] . We apply the same recursion here, except without relying on c < 1.
Suppose that there exist two distributions P and Q of X ∞ −∞ satisfying (140) and (141). Let E > 0 denote the left-hand side of (141), i.e., the common upper bound on the second moment of X j . Given a coupling π between P and Q, that is
−N its Euclidean norm. Using the factorization condition (140) and the data processing inequality for total variation, we have 
Thus, as we noticed in the proof of Theorem 4, the constraint (142) leads to
where the concave non-decreasing function f is
Therefore, starting from any coupling π which achieves N we produced a new coupling π which achieves
As we have seen in the proof of Proposition 11, Lemma 20 shows that such iterations lead to N decreasing to zero. Hence for any n, starting with sufficiently large N n, we have shown that TV(P X n −n , Q X n −n ) is arbitrarily small, hence zero. In other words, distributions P and Q have the same finitedimensional marginals, and must therefore coincide.
As one can see our proof crucially relies on the fact that boundary of the interval [−N, N] on the chain graph (139) always consists of two points X ±N (see (142) ). This is why a similar argument is not applicable to Markov random fields on Z 2 , where the number of variables in the boundary of [−N, N] 2 grows with N. But in that case it is well-known that even for binary-valued X there can exist multiple Gibbs measures (the two-dimensional Ising model example).
C. Circuits of Noisy Gates
A circuit is a directed acyclic graph emanating from n inputs X 1 , . . . X n , going through multiple intermediate nodes ("gates") and terminating at a final node W . Each gate i with inputs S i = (S i,1 , . . . , S i,k ) performs a simple operation f i (S i ) and produces an output, which is then subjected to additive Gaussian noise, so that the output value O i of the i th gate is given by
The outputs of the i th gate are connected to the inputs S j of subsequent gates according to the graph. The value of W is the output of the last gate. We say that the circuit computes the Boolean function F : {0, 1} n → {0, 1} with probability of error if
for some g : R → {0, 1} and all binary vectors x n . We assume that all gates have at most k inputs. We say that the function F depends essentially on input x i if there exist x, x ∈ R n differing in the i th coordinate only, such that
We show below that it is not possible to have small , complicated F, large n and small power consumed by outputs of each gate:
This is a natural extension of the well-studied model of binary symmetric noise (bit flips) [40] , [41] . We note that even for the settings of binary symmetric channels (BSC), quite a few open questions remain. For example, it is known that for each k there exists a threshold of maximum tolerable noise beyond which arbitrarily complex circuits are not possible [42] , [43] . However, this threshold is generally unknown and is sensitive to whether BSCs have crossover probability exactly δ or ≤ δ, see [44] , and whether the output of one gate is allowed to be used at one or multiple consequent gates, see [43] . Proposition 19: For any signal-to-noise ratio P > 0, any Boolean function F essentially depending on n inputs, and any circuits of noisy k-input gates computing F, the probability of error satisfies
and F TV (t) is given by (59) with a = P. For three-input gates, the lower bound (145) is evaluated in Fig. 4 as a function of P.
Proof: We recall a combinatorial fact shown in the proof of [45, Th. 2] : For every Boolean function F essentially depending on n inputs, and for every circuit that computes F with probability of error strictly less than 1 2 , there must exist at least one input, say X 1 , such that every path from X 1 to W has length at least
Since F essentially depends on X 1 , we can assume, without loss of generality, that
Note that the random variables in the circuit consist of the inputs X = (X i ), inputs S = (S i ) and outputs O = (O i ) of the gates, and the final output W , which is equal to some O i . To simplify notation, let O 0 = X 1 . Denote the neighbors of the gate i by
whose outputs serve as inputs to gate i . Then |N i | ≤ k by assumption. Without loss of generality, we assume that all gates are numbered so that i th gate's inputs all come from gates with indices strictly less than i . Then N i ⊂ {0, . . . , i −1} by construction.
Consider now probability distributions P and Q of all random variables in the circuit, such that under P we have X 1 = 0 and under Q we have X 1 = 1, while X 2 = · · · = X n = 0 under both. The idea is to progressively build coupling between P and Q to show that
from which the desired lower bound (145) follows. To prove (147), suppose that there is a joint distribution π such that
i.e. π is a coupling of P to Q. Consider an arbitrary gate i with input S i and output O i . In view of the noise model (143), the proof of Theorem 17 shows that the moment constraint (144) enables us to use Proposition 18 to build another couplingπ, such that a) (X, X , O <i , O <i , S ≤i , S ≤i ) have identical joint distribution under either π orπ, and b) at the i th gate we havẽ
Recall that X 2 = X 2 = . . . = X n = X n = 0 under π. Then S i is determined by the outputs of the neighboring gates and possibly O 0 = X 1 , collectively denoted by {O j : j ∈ N i }.
By the union bound, we have
So if we introduce the function
then we can relax (148) tõ
Now, let π 0 be the trivial (independent) coupling. Since X 1 = 1 and X 1 = 0 under π 0 , we have π 0 [O 0 = O 0 ] = 1 t 0 . Consider the first gate, whose inputs can be either X 1 or constants. Applying the previous construction yields a coupling π 1 such that
Here t 1 measures the quality of coupling at the output of the first gate. Next, suppose that all gates < i are similarly coupled by π i−1 with respective t 1 , . . . , t i−1 . We refine the coupling at gate i to get π i , so that a) the joint distribution of (O <i , O <i ) and hence t 1 , . . . , t i−1 are unchanged, and b)
which follows from (149). Continuing similarly, we arrive at the last gate which outputs W . Now let us construct a path from W back to X 1 = O 0 as follows: starting from W go back from gate i to the neighboring gate j < i that achieves max j ∈N i t j . Let m be the length of this path and let the indices (in increasing order) be
By (146) we must have m = (log n). 
(1).
Hence as n → ∞ this repeated composition of F k 's must converge to a fixed point t * k , thus proving (147).
D. Broadcasting on Trees
Consider the setting studied in [18] : the original bit W = ±1 is to be broadcasted along the binary tree of noisy channels:
where arrows X → Y represent independent noisy channels and Y → X are relays. The goal is to design the relay functions so that for some > 0 one can reconstruct W with probability of error at most 1 2 − based on the values at the n th layer {X n,1 , . . . , X n,2 n−1 } for all sufficiently large n; to wit, the total variation of the distributions conditioned on W = 1 or −1 is strictly bounded away from zero. One of the main results of [18] is that when all channels are BSC with flip probability δ such broadcasting is possible if and only if 2(1 − 2δ) 2 > 1, thus establishing a certain "phase transition" in this problem.
In fact, the impossibility part of the BSC result follows from a result of Evans and Schulman [45] : for a binary tree of discrete channels the probability of error tends to 1 2 as the depth tends to infinity whenever 2η KL < 1. For Gaussian channels we know that η KL = 1 which suggests that such transition does not occur for a tree of Gaussian channels. Indeed, in this section we demonstrate that it is possible to broadcast some information to arbitrarily deep layers regardless of how small the SNR is.
Specifically, consider channels 
Choose the initial (randomized) encoder as follows:
with B ⊥ ⊥ W and parameters p, μ to be specified later. Similar to the scheme in Section IV-E, choose relays as follows:
where t ∈ (1/2, 1) can be set arbitrarily. Notice that if μ is selected so that
then a simple computation shows that for all k, j we have
But from (152) and the fact that t > 1/2 for large μ we get p = e −μ 2 (t −1/2)+O(1) , μ → ∞.
In particular, regardless of how small E in (151) is and for any t, there exists a sufficiently large μ such that the cost constraint is satisfied. Another important parameter turns out to be
Again, taking μ large we may ensure 2θ 2 > 1.
Thus we assume from now on that p, μ and t are selected in such a way that both (151) and (154) are satisfied.
Similarly to [18] we will employ the idea of T. Kamae, see [ .
So the estimate (155) follows from two results:
Both of these are verified below: Consider two arbitrary nodes (k, j ) and (k, j ) at the k th level and let (u, i ) be their common ancestor in the tree. Denote the parent node of (k, j ) by (k − 1, j ). Then j =1 E[σ 2 n, j ] + 2 j < j E[σ n, j σ n, j ], where the first term is 2 n−1 × 2 p since σ 2 k, j ∼ Bern(2 p) in view of (153). To estimate the cross term, denote the depth of the common ancestor of (n, j ) and (n, j ) by u( j, j ) ∈ {1, . . . , n − 1}. Then 
which yields (157). 
